Abstract: A new block spin renormalization group transformation for SU(N) gauge models is proposed near the non-trivial fixed point in perturbation theory and thereby the expectation values of various Wilson loops on the renormalized trajectory near the fixed point are explicitly obtained. An improved action is obtained as in a preceding paper and a criterion for the scaling behavior of physical quantities is also given.
INTRODUCTION
In a preceding paper [1] (to be referred as [I] ) we have emphasized the significance to improve a lattice action for the continuum limit and have shown our strategy to do it in renormalization group approach for asymptotically free lattice theories such as 2d nonlinear O(N) sigma models and 4d SU(N) gauge models, most attention has been paid to the former. In particular, the correlation function on the renormalized trajectory has been explicitly obtained near the nontrivial fixed point by block spin renormalization group in perturbation theory. An improved action has been obtained from the criterion that it is most close to the renormalized trajectory by defining a distance from an action to the renormalized trajectory. A criterion has been also given for the scaling behavior of physical quantities obtained by Monte Carlo (MC) simulations with a given lattice action.
In this paper we will make a similar analysis for 4d SU(N) gauge models. We will not repeat in principle the general discussions given already in [I] to avoid the repetition. Therefore we assume that the reader is familiar with [I] .
The organization of this paper is parallel to that of [I] , except for that the sections which correspond to sections 8 and 9 of [I] do not exist in this paper: The model is defined in section 2, block spin transformation is introduced in section 3, the expectation values of various Wilson loops on the renormalized trajectory are obtained in section 4 and the block spin transformation is performed for various lattice actions in section 5. An improved action is obtained in section 6, implications of our results for MC calculations are discussed in section 7 and the connection between the existence of instantons on the lattice and the renormalized trajectory is given in section 8. Section 9 is devoted to discussion. In the appendix A the explicit form of the propagator is given and in the appendix B the derivation of eq.(3.9) is given.
SU(N) LATTICE GAUGE MODEL [2] AND WEAK COUPLING EXPANSION
We take a four-dimensional hyper-cubic lattice and denote the sites of the lattice by an integer-valued four vector n. The link variables of the SU(N) lattice gauge theory are N × N unitary matrices and denoted by U µ (n) for the oriented link from n to n +μ. For the oriented link from n +μ to n we assign U −1 µ (n).
There are infinitely many choices for lattice actions which give the same naive continuum limit. For example, we adopt four coupling gauge action, including up to six-link loop:
Four type of loop are depicted in Fig.1 . In sum over loops, each oriented loop appears once.
In the week coupling expansion the link variable is parameterized as
end the action is expanded in terms of the field A µ (n). Requiring that the action (2.1) reduces
in the naive continuum limit, we obtain the normalization condition
We have to fix the gauge in perturbation calculation. We take the lattice Lorentz gauge given by
Let us introduce the following Fourier transformation
where´k denotes
2π . Here and hereafter we make a change of variable from k µ a to k µ .
The free part of the action S 0 is given by [3] 
8)
and
The free propagator is defined by
and is the inverse of the free two-point function
The explicit form of the propagator is given in the Appendix A. Note that the free part of action depends on only the combinations of c 1 − (c 2 + c 3 ) and c 2 + c 3 . Therefore we have two parameters c 1 and c 23 = c 2 + c 3 to choose in the lowest order perturbation theory, because c 0 is determined from them by the constraint (2.4).
We will make the perturbation calculation with this free action. Let us denote the expectation value in the perturbation theory as
14)
The free propagator of F µν (k) is defined by
The expectation value of various Wilson loops can be written in the lowest order of perturbation theory as
where C denotes the Wilson loop. Note that F (C) is independent of N . The F (C) for some particular Wilson loops are given as follows:
Here F (I ×J) is for I ×J rectangular loop, F (chair) is for the loop depicted in Fig.1 .c, F (3-dim.)
for the loop in Fig.1 .d. The 4-dimensional loop in eq.(2.18d) may be described by the loop: Secondly we are interested in the limit g → g c (= 0) and in the physical quantities for which perturbation theory is applicable. As discussed in the first section of [I], the correlation length is large near the critical point g c and diverges at the critical point as a result of cooperative behavior of the system. Within the correlation length the properties of the system do not change qualitatively. Therefore, if we make the weak coupling expansion, the variables A µ (n) do not change rapidly within the correlation length.
Thus we propose to define a block transformation by
Note that the normalization constant is 1/8 rather than 1/16, because the length of the link in the new system is 2a. Except for the normalization, eq.(3.1) is similar to eq.(3.1) in (I).
Therefore let us write eq.(3.1) simply as
and let us call this transformation block spin transformation, although the variable is not spinvariable. The block spin transformation is applied repeatedly. A block variable A (I) µ (n) after I − th iteration is defined as
The effective action after the block spin transformation is defined through the relation
where
The renormalization group τ is defined as
The S (0) is the original action and A (0) µ (n) is the original variable A µ (n). This transformation is slightly different from that proposed by Wilson [4] , although it is the same in spirit. This difference becomes, however, crucial when ones consider the limit I → ∞, as will be shown in the next section.
Let us calculate the expectation value of various Wilson loops for the I − th block link variables in the perturbation theory. Let us denote them as
following eq.(2.17). The expectation value is taken with the action S (I) A (I) . As is in 2d O(N) sigma model, it is easy to calculate F (I) (C) in terms of the original variables in the perturbation theory. We obtain
12,12 6 − 2 1 − cos k
Here
The derivation of eq.(3.9) is given in the Appendix B.
The gauge for the block variables A This is not the problem to calculate F (I) (C), as is shown above.
EXPECTATION VALUE OF VARIOUS WILSON LOOPS ON THE RENORMALIZED TRAJECTORY
In the previous section we have obtained the expectation value of various Wilson loops for block link variables after I − th iteration. In the limit I → ∞, the effective action S (I) should approach the renormalized trajectory. Therefore the expectation value of the Wilson loop also should approach to that on the renormalized trajectory. Let us denote
In this section we will derive F (∞) (C).
First note
The first term in the r.h.s. is the dominant contribution to the expectation value in the limit I → ∞. As in the section 4 of [I], we are able to prove that the non-leading terms which come from the second term of the r.h.s. of eq.(4.2) do not contribute to the expectation value in the limit I → ∞. Hence we neglect them. Therefore we have to consider only D µν (k) with µ = ν.
Secondly let us remind that
Now let us consider, for example, F (I) (1 × 1). From eqs.(4.2) and (4.3) we have
(4.5)
The approximate equality in eq.(4.4) means that only the leading terms are taken. Equation (4.4) may be written as
Note that the factor (1/2) 2I are multiplied for the denominator and the coefficient. Putting
, we obtain finally
Introducing the functionF defined bỹ
and setting x 1 − x 2 = x and so on, we obtain
We are able to obtain other F (∞) (C) similarly.
Let us introduce the symbol
for notational simplicity. Then we have, for example,
It should be noted that it is non-trivial that and consequently we have an extra factor (1/2 I ) 2 which vanishes in the limit I → ∞, in the equation corresponding to eq.(4.7).
BLOCK SPIN TRANSFORMATION FOR VARIOUS ACTIONS
Now we are ready to calculate the function F (I) (C) of the block variables for any parameter c 1 and c 23 (= c 2 + c 3 ), using eqs.(3.9)∼(3.13). We first list some of them for the standard model 
IMPROVED LATTICE ACTION
According to our strategy described in detail in [I], let us choose an action which is located near the renormalized trajectory. First let us note that there is no difference between interaction, for example,
in the lowest order perturbation theory. Therefore we assume that the action is of the form
where W (C) is the Wilson loop for the contour C. Practically we have to truncate the sum in eq.(6.1). Let us restrict actions to those given by eq.(2.1).
We define a distance from an action to the renormalized trajectory by
where M is the number of terms in the sum over the contour C. We restrict the contour in the sum to those up to six-link length.
Plotting R (1) and R (2) defined above in the two-dimensional space spanned by c 1 and c 23 , we find that there is a one-dimensional very narrow deep valley where R (1) and R (2) are very small, respectively. For R (1) , the one-dimensional line is parameterized by the equation There is also a limitation on the size of the lattice where we make MC simulations. For example, we will measure the string tension [6] on a 8 4 lattice for SU(3) lattice gauge theory. In this case the string tension is mainly determined by the Creutz ratio [7] X(3, 3) (and X (4, 4) ). between models IM11 and IM21 is not large.
In ref.
[8], we have measured the string tension on a 8 4 lattice for the SU(2) lattice gauge Thus the criterion chosen in ref. [8] for the distance is reasonable even from the view point of the renormalization group.
Note that model WZ is not an improved action due to our criteria: The value R (1) = 0.312 implies that model WZ is far from the renormalization trajectory, and the life time of instantons on the lattice is short. On the other hand, model W is an improved action; although R (1) is slightly larger than that of model IM11 or that of model R3, it is of the same order.
IMPLICATIONS FOR MC CALCULATIONS
As far we have already discussed the general feature of the renormalization group and our strategy in section 7 of [I], we do not repeat them here. According to our strategy, let us set an upper limit ∆ for the relative difference between F (I) (C) and 
INSTANTONS ON THE LATTICE AND THE RENORMALIZED TRAJECTORY
The general discussion on instantons on the lattice given in section 10 of [I] can be also applied for 4d SU(N) gauge models. Thus we conclude also for 4d SU(N) gauge models that the renormalized trajectory is located at the boundary which devides the parameter space into two parts: In one of them instantons exist, while in the other instantons do not exist. We further conclude that the one-dimensional line such as defined by eq.(6.4) divides the two-dimensional space spanned by c 1 and c 23 into the two parts. See Fig.5 .
It is rather difficult to verify this conclusion numerically compared with the case of 2d O(3) sigma model, because it takes a lot of computer time to do it. Therefore we have investigated [8, 9] the existence of instantons on a lattice with size of 6 4 with c 1 being varied and with c 2 = c 3 = 0 by the method described in ref. [9] . We have found the following: For model One reason in addition to the reason given in section 6 why we choose model IM11 rather than model IM21 as an improved action for a 8 4 lattice is that we have no instantons with q = 1 for model IM21 on a 6 4 lattice as far as we have investigated. We expect that if the size of the lattice is large enough, e.g., 16 4 , instantons with q = 1 also will exist on the lattice for model IM21. 
DISCUSSION
The general discussion given in section 11 of [I] can be also applied for 4d SU(N) gauge models. We state here only briefly the main points. The improved action near the renormalized trajectory has been determined by the perturbation theory in our approach. We are able to calculate non-perturbative effects using this action by MC simulations. The effect of instantons, for example, is properly taken into account even on a lattice with small size.
A different approach to improve lattice action is proposed by Symanzik [5] . The perturbation theory cannot be applied for calculation of physical quantities such as the string tension where non-perturbative effects are crucial. It appears that this limitation is not properly taken into consideration in Symazik's approach. As shown in section 6, the "improved" action obtained by
Weisz [3] in Symanzik's approach is not an improved action in our criteria.
The continuum limit of a lattice theory is unique and universal for a wide class of lattice action because of the following facts: i) The renormalized trajectory is unique and ii) the trajectory for any lattice action approaches asymptotically the renormalized trajectory, if the action belongs to the domain in the parameter space which is governed by the non-trivial fixed point. However, it crucially depends on the form of the action how rapidly the trajectory approaches the renormalized trajectory. We have given a criterion to estimate this rapidity.
From the criterion we can guess the coupling constant where we may expect that the expectation value of a physical quantity is identical with that on the renormalized trajectory. The point is not that a physical quantity approximately shows a scaling form, but that it is identical with that on the renormalized trajectory.
We would like to calculate various physical quantities with an improved action due to our criteria in addition to the string tension of the SU(3) gauge theory [6] . We hope that the mass ratios of mesons to baryons will become realistic with an improved action of a relatively small lattice. We also conjecture that the first order phase transition [10] observed in SU(4) and SU (5) gauge theories with the standard action will not be observed with an improved action, because no phase transition will occur on the renormalized trajectory.
We finally argue that Osterwalder-Schrader [11] (OS) positivity is satisfied on the renormalized trajectory and consequently it is satisfied, at least approximately, for the improved action of 4d SU(N) gauge models, from the same reasoning given in [I] .
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